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Spontaneous symmetry breaking in coupled Bose-Einstein
condensates
Hal Tasaki∗
We study a system of two hardcore bosonic Hubbard models weakly coupled with
each other by tunneling. Assuming that the single uncoupled model exhibits off-
diagonal long-range order, we prove that the coupled system exhibits spontaneous
symmetry breaking (SSB) in the infinite volume limit, in the sense that the two
subsystems maintain a definite relative U(1) phase when the tunneling is turned
off. Although SSB of the U(1) phase is never observable in a single system, SSB
of the relative U(1) phase is physically meaningful and observable by interference
experiments. The present theorem is made possible by the rigorous theory of low-
lying states and SSB in quantum antiferromagnets developed over the years.
1 Introduction
The essence of Bose-Einstein condensation is off-diagonal long-range order (ODLRO) related to
the global quantum mechanical U(1) phase [1, 2, 3, 4]. It is known however that spontaneous
symmetry breaking (SSB) of the U(1) symmetry, which is predicted by mean filed-theories, is
never observable because of the law of particle number conservation [2, 5]. Although such a lack
of SSB is sometimes regarded as paradoxical, there is indeed nothing problematic. A ground state
with long-range order (LRO) but without SSB is perfectly understood by the rigorous theory of
low-lying states and SSB developed mainly for quantum antiferromagnets [6, 7, 8, 9, 10, 11, 12, 13].
In the present paper, we demonstrate, through a new rigorous result, that SSB of the relative
U(1) symmetry may take place when two Bose-Einstein condensates are weakly coupled [5]. More
precisely we consider two hardcore bosonic Hubbard models coupled with each other through
weak tunneling. By making full use of the rigorous theory of low-lying states, we prove that,
in the infinite volume limit, the two subsystems maintain definite relative U(1) phase when
the tunneling is turned off, provided that the single hardcore bosonic Hubbard model exhibits
ODLRO. We stress that the SSB of relative U(1) phase is physically meaningful, and directly
related to the observation of interference patterns in cold atom experiments [14, 15]. See [16] for
related phenomena in a classical setting,
We have formulated our theorem for the hardcore bosonic Hubbard model mainly for sim-
plicity. It is in principle possible to extend the result to a broader class of boson systems, but
that requires extra (nontrivial) work to extend the theorems in [11, 12].
2 Definition and ODLRO in the uncoupled system
We start by defining the basic (uncoupled) hardcore bosonic Hubbard model, and state our
assumption about ODLRO. Let Λ be the d-dimensional L × · · · × L hypercubic lattice, and let
B be the corresponding set of bonds (x, y), i.e., ordered pairs of neighboring sites x, y ∈ Λ. We
impose periodic boundary conditions. For each site x ∈ Λ we denote by aˆx and aˆ†x the annihilation
and the creation operators, respectively, of a bosonic particle at site x. They satisfy the standard
commutation relations [aˆx, aˆy] = [aˆ
†
x, aˆ
†
y] = 0 and [aˆx, aˆ
†
y] = δx,y for for any x, y ∈ Λ. The number
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operator at site x is defined by nˆx = aˆ
†
xaˆx, and the total number operator by Nˆ =
∑
x∈Λ nˆx. We
denote by |Φvac〉 the unique state such that aˆx|Φvac〉 = 0 for any x ∈ Λ.
Let N = 1, 2, . . . , Ld be the total boson number. When we vary the system size, we always
fix the density ρ = N/Ld, and make both L and N large. We define the Hilbert space HN with
N hardcore bosons as the space spanned by all states aˆ†x1 aˆ
†
x2 · · · aˆ†xN |Φvac〉 such that xi 6= xj if
i 6= j. Then our Hamiltonian is
Hˆ = −Pˆhc
∑
(x,y)∈B
aˆ†xaˆy, (1)
where Pˆhc is the projection operator onto HN . We denote by |ΦGS〉 ∈ HN the unique ground
state of Hˆ. The uniqueness is proved by the standard Perron-Frobenius argument [17, 18]. See
[13].
To test for possible ODLRO, we define the order operators by
Oˆ+ =
∑
x∈Λ
aˆ†x, Oˆ− =
∑
x∈Λ
aˆx, (2)
and also the self-adjoint order operators by
Oˆ(1) = Oˆ
+ + Oˆ−
2
, Oˆ(2) = Oˆ
+ − Oˆ−
2i
. (3)
It is readily found that these operators are transformed by the global U(1) phase rotation Uˆθ =
e−iθNˆ as
Uˆ †θ Oˆ(1)Uˆθ = cos θ Oˆ(1) − sin θ Oˆ(2), Uˆ †θ Oˆ(2)Uˆθ = cos θ Oˆ(2) + sin θ Oˆ(1). (4)
This means that the pair (Oˆ(1), Oˆ(2)) transforms precisely as a vector. We shall assume through-
out the present paper that, for some dimension d and the density ρ ∈ (0, 1), the ground state
|ΦGS〉 of the hard-core bosonic Hubbard model (1) exhibits ODLRO in the sense that
〈ΦGS|
(Oˆ(1)
Ld
)2
|ΦGS〉 = 〈ΦGS|
(Oˆ(2)
Ld
)2
|ΦGS〉 ≥ λ(ρ), (5)
for any L with the order parameter λ(ρ) > 0.1 This is expected to be valid for a large range
of ρ for any d ≥ 2, but is proved rigorously only for d ≥ 2 and ρ = 1/2 by Kennedy, Lieb, and
Shastry [19, 20], and by Kubo and Kishi [21], who extended the reflection positivity method due
to Dyson, Lieb, and Simon [22] and Neves and Perez [23]. We note, on the other hand, that
|ΦGS〉 ∈ HN implies
〈ΦGS| Oˆ
(1)
Ld
|ΦGS〉 = 〈ΦGS| Oˆ
(2)
Ld
|ΦGS〉 = 0, (6)
for any d, ρ, and L.
The ground state |ΦGS〉 therefore exhibits (OD)LRO as in (5) but no SSB as in (6). Such LRO
without SSB has been studied intensively in the context of quantum antiferromagnets, and it is
known that, in such a situation, there inevitably appears a series of low-lying states, i.e., states
with very low excitation energies, and physical ground states with SSB are linear combinations
of the low-lying states [6]. See, e.g., [7]. For a discussion of similar phenomena in nuclear physics,
see Chapter 11 of [24]. By now a fully rigorous theory of low-lying states has been developed
[8, 9, 10, 11, 12, 13]. We recommend [12], which can be read as a compact review.
1We here take the “statistical mechanical point of view”, and regard the Bose-Einstein condensation as a
phenomenon in the infinite volume limit.
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3 Symmetry breaking ground states in the uncoupled system
We now review the theory of low-lying states and symmetry breaking in the context of hardcore
bosonic Hubbard model. To develop a theory parallel to that for quantum antiferromagnets, we
introduce the extended Hilbert space
H =
Ld⊕
K=0
HK , (7)
which contains all possible particle numbers. We then take the Hamiltonian
Hˆµ = Hˆ − µNˆ, (8)
on H, and adjust the chemical potential µ so that the ground state of Hˆµ coincides with the
previous ground state |ΦGS〉 which has the fixed density ρ. We assume that such tuning of µ is
possible. When the target density is ρ = 1/2, it is known rigorously that the right choice is µ = 0
[13, 17, 18, 25, 26].
Following [11, 12], we define trial states
|ΓM 〉 = (Oˆ
+)M |ΦGS〉
‖(Oˆ+)M |ΦGS〉‖
, |Γ−M 〉 = (Oˆ
−)M |ΦGS〉
‖(Oˆ−)M |ΦGS〉‖
, (9)
for M = 1, 2, . . .. The following theorem, which establishes the existence of the series of low-lying
states, was proved in [11] for the case ρ = 1/2, and in [12] for general ρ.
Theorem 1 Suppose that the ground state |ΦGS〉 exhibits ODLRO as in (5). Then there are
constants C1 and C2 which depend only on d, ρ, and λ(ρ). For any L and M such that |M | ≤
C1L
d/2, the state |ΓM 〉 is well-defined, and satisfies2
〈ΓM |Hˆµ|ΓM 〉 ≤ 〈ΦGS|Hˆµ|ΦGS〉+ C2 |M |
3
Ld
. (10)
We proceed to construct a new trial state by summing up these low-lying states. For θ ∈ R
and an integer valued function Mmax(L) > 0 such that Mmax(L) ≤ C1Ld/2, let
|Ξθ〉 = 1√
2Mmax(L) + 1
Mmax(L)∑
n=−Mmax(L)
e−inθ|Γn〉, (11)
where we set |Γ0〉 = |ΦGS〉. Let x, y ∈ Zd be neighboring sites, and let hˆx,y = −Pˆhc(aˆ†xaˆy + aˆ†xaˆy)
be the local Hamiltonian. By using (10) and the translation invariance, one finds that
lim
L↑∞
〈Ξθ|hˆx,y|Ξθ〉 = ǫGS(µ), (12)
where ǫGS(µ) = limL↑∞〈ΦGS|Hˆµ|ΦGS〉/(dLd) is the ground state energy per bond. Thus the state
|Ξθ〉 can be regarded essentially as a ground state when L is large. Then the following theorem
was proved in [12], improving the results in [11].
2If ρ = 1/2, the second term in the right-hand side can be replaced by C2M
2/Ld. We expect that the same
bound is possible for general ρ, but cannot prove it for technical reasons.
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Theorem 2 If Mmax(L) diverges to infinity not too rapidly as L ↑ ∞, one has
lim
L↑∞
〈Ξθ| Oˆ
±
Ld
|Ξθ〉 = m∗ e±iθ, (13)
lim
L↑∞
〈Ξθ| Oˆ
(α)
Ld
|Ξθ〉 =
{
m∗ cos θ (α = 1)
m∗ sin θ (α = 2),
(14)
lim
L↑∞
〈Ξθ|
(Oˆ(α)
Ld
)2
|Ξθ〉 =
{
(m∗ cos θ)2 (α = 1)
(m∗ sin θ)2 (α = 2),
(15)
where the symmetry breaking order parameter m∗ is defined by
m∗ := lim
k↑∞
lim
L↑∞
{
〈ΦGS|
(Oˆ(α)
Ld
)2k
|ΦGS〉
}1/(2k)
, (16)
with α = 1, 2, and satisfies m∗ ≥
√
2λ(ρ).
The theorem shows that the state |Ξθ〉, which is essentially a ground state of (8), exhibits
ODLRO and also fully breaks the U(1) phase symmetry. The symmetry breaking is manifest in
the remarkable relations
〈Ξθ|aˆ†x|Ξθ〉 ≃ m∗ eiθ, 〈Ξθ|aˆx|Ξθ〉 ≃ m∗ e−iθ, (17)
which hold for large L because of (13). In the state |Ξθ〉, the U(1) phase is “pointing” in the
specific direction θ.
Comparing (14) and (15), we find that Oˆ(α)/Ld, which is the density of the order operator,
exhibits vanishing fluctuation as L becomes large. Vanishing fluctuation is usually a sign that the
state is a physically realistic macroscopic state. In fact the state corresponding to |Ξθ〉 is regarded
as a realizable ground state in quantum antiferromagnets. Moreover the (near) ground state |Ξθ〉
is similar in many aspects to ground states obtained by mean-field theories for bosons [1, 2, 4, 27].
Nevertheless we cannot regard |Ξθ〉 as a “realistic” state of an isolated Bose-Einstein condensate
since it is a superposition of states with different particle numbers. (See, e.g., section III.D.1 of
[2] and [5].) Suppose that one confines exactly N particles in a container and then cool them
down to the ground state. It is never possible to generate a superposition as in (11) by allowed
physical processes. But a more important point is that the phase θ characterizing |Ξθ〉 is a
physically meaningless quantity, which can never be measured experimentally.
In this sense the exact ground state |ΦGS〉, which exhibits ODLRO but no symmetry breaking,
may be a better model of an isolated Bose-Einstein condensate. We should note however that
the distinction between |Ξθ〉 and |ΦGS〉 becomes subtle when we restrict the class of observables.
More precisely, if Aˆ is a local observable such that [Nˆ , Aˆ] = 0, we expect that
〈ΦGS|Aˆ|ΦGS〉 ≃ 〈Ξθ|Aˆ|Ξθ〉. (18)
We also note that the |ΦGS〉 is obtained from |Ξθ〉 by
|ΦGS〉 =
√
2Mmax(L) + 1 PˆN |Ξθ〉, (19)
where PˆN is the projection onto HN , or by
|ΦGS〉 =
√
2Mmax(L) + 1
2π
∫ 2pi
0
dθ |Ξθ〉. (20)
It is interesting that the exact ground state |ΦGS〉 can be regarded as a superposition of the
symmetry breaking (near) ground states |Ξθ〉 for all possible θ. See [13] for further discussion
about the relation between |ΦGS〉 and |Ξθ〉.
4
4 Coupled Bose-Einstein condensates
We now consider a system of two Bose-Einstein condensates coupled weakly by tunneling. We
then find that a spontaneous symmetry breaking that fixes the relative U(1) phase takes place.
Unlike the phase θ discussed above, the relative phase ϕ is experimentally measurable. This
situation corresponds, e.g., to the experimental setup where bosons are trapped in a double-well
potential [14, 15]. The clear interference pattern observed experimentally [14] is a manifestation
of a fixed relative U(1) phase.3
We consider two exact copies of the d-dimensional hyper cubic lattice Λ, and call them Λa
and Λb. Lattice sites are denoted as (x, ν) ∈ Λν where ν = a,b and x ∈ Λ. On each lattice we
define the same system of hardcore bosons as before. We further assume that there is a tunneling
Hamiltonian which weakly couples the two subsystems on Λa and Λb. The total Hamiltonian is
thus
Hˆtotε = Hˆa + Hˆb + εHˆtunnel. (21)
Here we set, for ν = a,b,
Hˆν = −Pˆhc
∑
(x,y)∈B
aˆ†(x,ν)aˆ(y,ν), (22)
which are the exact copies of (1), and
Hˆtunnel = −
∑
x∈Λ
(
eiϕ aˆ†(x,a)aˆ(x,b) + e
−iϕ aˆ(x,a)aˆ
†
(x,b)
)
. (23)
Here the phase factor ϕ ∈ R is introduced to make clear the physical picture; it is most natural
to set ϕ = 0.4
We treat this problem in a physically realistic Hilbert space where the total number of particles
in the coupled system is exactly 2N . If we denote the copy of the N particle Hilbert space HN
as HνN for ν = a,b, the whole Hilbert space is
Htot2N =
2N⊕
K=0
HaK ⊗Hb2N−K . (24)
In other words, we assume that the two Bose-Einstein condensates can exchange particles in a
coherent manner, while completely isolated from the outside world. This may be a reasonable
idealization of realistic situations in cold atom experiments.
Let |ΦtotGS,ε〉 ∈ Htot2N be the unique ground state of the total Hamiltonian (21) with ε > 0,
where the uniqueness is again easily proved by the Perron-Frobenius method. (See, e.g., [13].)
Then the main result of the present paper is the following.
Theorem 3 Assume the existence of ODLRO (in the single uncoupled system) as in (5). Then
for any x ∈ Zd, we have
lim
ε↓0
lim
L↑∞
〈ΦtotGS,ε|aˆ†(x,a)aˆ(x,b)|ΦtotGS,ε〉 = m˜2 e−iϕ, (25)
lim
ε↓0
lim
L↑∞
〈ΦtotGS,ε|aˆ(x,a)aˆ†(x,b)|ΦtotGS,ε〉 = m˜2 eiϕ, (26)
with m˜ ≥ m∗ ≥
√
2λ(ρ).
3The interference pattern is observed after switching off the trapping potential and letting the particles evolve
almost freely. We should note that there is an essentially different class of interference phenomena between two
Bose-Einstein condensates. It is known that two condensates which have no fixed relative phase (and hence well
approximated by |ΦGS〉 ⊗ |ΦGS〉) also exhibit interference. See, e.g., [28].
4The general case reduces to ϕ = 0 by replacement eiϕaˆ(x,b) → aˆ(x,b) for all x ∈ Λ.
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As we noted before the assumption of the theorem is rigorously established for d ≥ 2 and
N = Ld/2.
The relation (26) indicates that the two condensates are coupled in a coherent manner (or
entangled) to have a definite relative U(1) phase. To see this, define, for ν = a,b and x ∈ Λ, the
local order operators oˆ
(1)
(x,ν)
and oˆ
(2)
(x,ν)
by
oˆ
(1)
(x,ν) :=
aˆ†(x,ν) + aˆ(x,ν)
2
, oˆ
(2)
(x,ν) :=
aˆ†(x,ν) − aˆ(x,ν)
2i
. (27)
Exactly as in (3) and (4), the pair (oˆ
(1)
(x,ν), oˆ
(2)
(x,ν)) transforms as a vector under the operation of
the unitary operator Uˆθ = e
−iθNˆ . We of course have 〈ΦtotGS,ε|(oˆ(1)(x,ν), oˆ
(2)
(x,ν))|ΦtotGS,ε〉 = (0, 0) again
by particle number conservation, but (26) implies that
lim
ε↓0
lim
L↑∞
〈ΦtotGS,ε|
{
oˆ
(1)
(x,a)oˆ
(1)
(x,b) + oˆ
(2)
(x,a)oˆ
(2)
(x,b)
}|ΦtotGS,ε〉 = m˜2 cosϕ. (28)
This suggests that the two order operators behaves like two vectors with magnitude m˜ which
have a fixed relative angle ϕ. This is more directly seen by noting that
lim
ε↓0
lim
L↑∞
〈ΦtotGS,ε|(oˆ(1)(x,a), oˆ
(2)
(x,a))
(
cosϕ sinϕ
− sinϕ cosϕ
)(
oˆ
(1)
(x,b)
oˆ
(2)
(x,b)
)
|ΦtotGS,ε〉 = m˜2, (29)
which also follows from (26).
We conclude that, in the ground state obtained in the double limit limε↓0 limL↑∞, the relative
U(1) phase between the two condensates has a definite value ϕ. Since this phase ordering was
achieved by “infinitesimal symmetry breaking field” ε in the tunneling Hamiltonian, we can
say that this is a kind of spontaneous symmetry breaking.5 As we noted in the beginning,
such ordering of relative phase between two weakly coupled Bose-Einstein condensates can be
experimentally observed by means of interference experiments.6
5 Proof
Note that the Hamiltonian (21) is invariant under the transformation
aˆ(x,a) → eiϕaˆ(x,b), aˆ(x,b) → e−iϕaˆ(x,a), (30)
for all x ∈ Λ, and so is the unique ground state |ΦtotGS,ε〉. The invariance implies that
〈ΦtotGS,ε|eiϕaˆ†(x,a)aˆ(x,b)|ΦtotGS,ε〉 = 〈ΦtotGS,ε|e−iϕaˆ(x,a)aˆ†(x,b)|ΦtotGS,ε〉, and hence this quantity is real.
The key of the proof is that we can take a state |ΘL,Mϕ 〉 ∈ Htot2N for ϕ ∈ R with the following
properties. Like the ground state, it satisfies
〈ΘL,Mϕ |eiϕaˆ†(x,a)aˆ(x,b)|Θ
L,M
ϕ 〉 = 〈ΘL,Mϕ |e−iϕaˆ(x,a)aˆ†(x,b)|Θ
L,M
ϕ 〉 ∈ R and this quantity is independent
of x. It further satisfies
lim
M↑∞
lim
L↑∞
〈ΘL,Mϕ |eiϕaˆ†(x,a)aˆ(x,b)|ΘL,Mϕ 〉 = (m∗)2 (31)
5Recall that in the ferromagnetic Ising model, for example, one considers a similar double limit
limh↓0 limL↑∞〈σx〉 to detect possible spontaneous symmetry breaking, where h is the external magnetic field.
6Although our theorem is about the L ↑ ∞ limit, it suggests that one should start seeing the phase ordering
for ε & L−2d when L is large but finite.
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for any x. Finally |ΘL,Mϕ 〉 is essentially a ground state of Hˆtot0 = Hˆa + Hˆb in the sense that
lim
L↑∞
1
Ld
{〈ΘL,Mϕ |Hˆtot0 |ΘL,Mϕ 〉 − EtotGS,0} = 0, (32)
for any fixed M , where EtotGS,0 is the ground state energy of Hˆ
tot
0 in the space Htot2N .
Let us first assume the existence of |ΘL,Mϕ 〉, and prove the theorem by following the variational
argument due to Kaplan, Horsch, and von der Linden [9]. Since |ΦtotGS,ε〉 is the ground state, one
obviously has
〈ΘL,Mϕ |Hˆtotε |ΘL,Mϕ 〉 ≥ 〈ΦtotGS,ε|Hˆtotε |ΦtotGS,ε〉. (33)
Since Hˆtotε = Hˆ
tot
0 + εHˆtunnel, we have
− 1
Ld
〈ΦtotGS,ε|Hˆtunnel|ΦtotGS,ε〉
≥ − 1
Ld
〈ΘL,Mϕ |Hˆtunnel|ΘL,Mϕ 〉+
1
εLd
{〈ΦtotGS,ε|Hˆtot0 |ΦtotGS,ε〉 − 〈ΘL,Mϕ |Hˆtot0 |ΘL,Mϕ 〉}
≥ − 1
Ld
〈ΘL,Mϕ |Hˆtunnel|ΘL,Mϕ 〉+
1
εLd
{
EtotGS,0 − 〈ΘL,Mϕ |Hˆtot0 |ΘL,Mϕ 〉
}
. (34)
By recalling (23) and noting the symmetry, this becomes
〈ΦtotGS,ε|eiϕaˆ†(x,a)aˆ(x,b)|ΦtotGS,ε〉 ≥ 〈ΘL,Mϕ |eiϕaˆ†(x,a)aˆ(x,b)|ΘL,Mϕ 〉+
1
2εLd
{
EtotGS,0 − 〈ΘL,Mϕ |Hˆtot0 |ΘL,Mϕ 〉
}
.
(35)
By fixing arbitrary ε > 0, letting L ↑ ∞, and then letting M ↑ ∞, we get
lim
L↑∞
〈ΦtotGS,ε|eiϕaˆ†(x,a)aˆ(x,b)|ΦtotGS,ε〉 ≥ (m∗)2, (36)
where we used (32) and then (31). This becomes the desired (26) if we let ε ↓ 0.
We now move onto our main task of constructing |ΘL,Mϕ 〉. Let |Ξaθ〉 and |Ξbθ〉 be the exact
copies of |Ξθ〉 defined in (11), which is essentially a ground state and also breaks U(1) symmetry.
A natural candidate for a state with fixed relative phase is the tensor product |Ξaθ〉⊗ |Ξbθ+ϕ〉, but
this state is again a superposition of states with different total particle numbers. We can follow
(19) or (20) to construct a physical state as
|Ξtotϕ 〉 ∝ Pˆ tot2N
(|Ξaθ〉 ⊗ |Ξbθ+ϕ〉), (37)
where Pˆ tot2N is the projection onto Htot2N , or by phase averaging as
|Ξtotϕ 〉 ∝
1
2π
∫ 2pi
0
dθ |Ξaθ〉 ⊗ |Ξbθ+ϕ〉. (38)
The two constructions lead to exactly the same result, and we get
|Ξtotϕ 〉 =
1√
2Mmax(L) + 1
Mmax(L)∑
n=−Mmax(L)
einϕ|Γan〉 ⊗ |Γb−n〉, (39)
7
where |ΓaM 〉 and |ΓbM 〉 are exact copies of low-lying states (9). This is indeed a near ground
state of Hˆtot0 in which the two condensates have definite relative phase ϕ. For our purpose it is
convenient to replace Mmax(L) by M to define
|ΘL,Mϕ 〉 =
1√
2M + 1
M∑
n=−M
einϕ|Γan〉 ⊗ |Γb−n〉. (40)
The desired properties (31) and (32) are proved by using Theorems 1 and 2. See Appendices A.1
and A.2
6 Discussion
We considered two systems of hardcore bosons weakly coupled with each other by the tunneling
Hamiltonian (23). Under the assumption that the uncoupled system exhibits ODLRO, we proved
that, in the infinite volume limit, the two Bose-Einstein condensates maintain definite relative
phase ϕ when the tunneling is turned off. This is naturally interpreted as spontaneous breakdown
of the relative U(1) phase between the two condensates. Although SSB of the U(1) phase in a
single isolated Bose-Einstein condensates is “observed” only theoretically, SSB in the relative
U(1) phase is realistic and is directly related to experimental observations of interference.
Note that the definite relative phase ϕ between the two condensates is realized, as in (39) or
(40), by a coherent superposition of states with different divisions of particle numbers between
the two subsystems. In other words the two subsystems inevitably entangle if we demand that
there is a definite relative phase.
We conjecture that the ground state obtained through the double limit in (26) resembles (or
coincides with) the large L limit of |Ξtotϕ 〉, although the proof seems very difficult. We also expect
that states realized experimentally in weakly coupled Bose-Einstein condensates resemble |Ξtotϕ 〉.
As an alternative approach to give a meaning of symmetry breaking in coupled Bose-Einstein
condensates, a state with a fixed number of particles in a larger system (i.e., the two condensates
and the environment) which is “identical” to |Ξaθ〉⊗|Ξbθ+ϕ〉 is constructed in [29]. Here “identical”
means that the measurement of any observable which conserves the total number of particles in
the two condensates give the same results as |Ξaθ〉 ⊗ |Ξbθ+ϕ〉. See also [30] for background. It is
likely that our |Ξtotϕ 〉 and their states are indistinguishable if we only measure local quantities
which preserve the particle number.
We wish to thank Akira Shimizu and Masahito Ueda for indispensable discussions and comments which
made the present work possible, and Tohru Koma and Haruki Watanabe for useful discussions on related
topics. The present work was supported by JSPS Grants-in-Aid for Scientific Research no. 16H02211.
A Properties of the state |ΘL,Mϕ 〉
A.1 Expectation value of eiϕaˆ
†
(x,a)aˆ(x,b)
Let us prove (31). Here we make use of techniques and results from [12]. For ν = a,b, let
oˆ+ν := L
−d
∑
x∈Λ aˆ
†
(x,ν) and oˆ
−
ν := L
−d
∑
x∈Λ aˆ(x,ν). We here abbreviate |ΘL,Mϕ 〉 as |Θ〉. From (40)
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and (9), we have
|Θ〉 = 1√
2M + 1
{
|ΦaGS〉|ΦbGS〉+
M∑
n=1
einϕ
(oˆ+a )
n|ΦaGS〉
‖(oˆ+a )n|ΦaGS〉‖
(oˆ−b )
n|ΦbGS〉
‖(oˆ−b )n|ΦbGS〉‖
+
M∑
n=1
e−inϕ
(oˆ−a )
n|ΦaGS〉
‖(oˆ−a )n|ΦaGS〉‖
(oˆ+b )
n|ΦbGS〉
‖(oˆ+b )n|ΦbGS〉‖
}
, (41)
where |ΦaGS〉 and |ΦbGS〉 are exact copies of the ground state |ΦGS〉 of the Hamiltonian (1) for a
single system with N particles.
To evaluate the expectation value 〈Θ|eiϕaˆ†(x,a)aˆ(x,b)|Θ〉, we first see that
eiϕaˆ†(x,a)aˆ(x,b)|Θ〉 =
1√
2M + 1
{M+1∑
n=1
einϕ
aˆ†(x,a)(oˆ
+
a )
n−1|ΦaGS〉
‖(oˆ+a )n−1|ΦaGS〉‖
aˆ(x,b)(oˆ
−
b )
n−1|ΦbGS〉
‖(oˆ−b )n−1|ΦbGS〉‖
+
M−1∑
n=0
e−inϕ
aˆ†(x,a)(oˆ
−
a )
n+1|ΦaGS〉
‖(oˆ−a )n+1|ΦaGS〉‖
aˆ(x,b)(oˆ
+
b )
n+1|ΦbGS〉
‖(oˆ+b )n+1|ΦbGS〉‖
}
. (42)
By using (41) and (42), we get
〈Θ|eiϕaˆ†(x,a)aˆ(x,b)|Θ〉 =
1
2M + 1
{M+1∑
n=1
〈
(oˆ−a )
naˆ†(x,a)(oˆ
+
a )
n−1
〉
a
〈
(oˆ+b )
naˆ(x,b)(oˆ
−
b )
n−1
〉
b
‖(oˆ+a )n|ΦaGS〉‖‖(oˆ+a )n−1|ΦaGS〉‖‖(oˆ−b )n|ΦbGS〉‖‖(oˆ−b )n−1|ΦbGS〉‖
+
M−1∑
n=0
〈
(oˆ+a )
naˆ†(x,a)(oˆ
−
a )
n+1
〉
a
〈
(oˆ−b )
naˆ(x,b)(oˆ
+
b )
n+1
〉
b
‖(oˆ−a )n|ΦaGS〉‖‖(oˆ−a )n+1|ΦaGS〉‖‖(oˆ+b )n|ΦbGS〉‖‖(oˆ+b )n+1|ΦbGS〉‖
}
,
(43)
where we wrote 〈· · · 〉ν = 〈ΦνGS| · · · |ΦνGS〉. Note that translation invariance implies, e.g.,
〈(oˆ+a )naˆ†(x,a)(oˆ−a )n+1〉a = 〈(oˆ+)n+1(oˆ−)n+1〉, where 〈· · · 〉 = 〈ΦGS| · · · |ΦGS〉 and oˆ± := Oˆ±/Ld are
defined for the single system. We can thus rewrite (43) as
〈Θ|eiϕaˆ†(x,a)aˆ(x,b)|Θ〉
=
1
2M + 1
{
M+1∑
n=1
〈
(oˆ−)n(oˆ+)n
〉 〈
(oˆ+)n(oˆ−)n
〉
√〈
(oˆ−)n(oˆ+)n
〉 〈
(oˆ−)n−1(oˆ+)n−1
〉 〈
(oˆ+)n(oˆ−)n
〉 〈
(oˆ+)n−1(oˆ−)n−1
〉
+
M−1∑
n=0
〈
(oˆ+)n+1(oˆ−)n+1
〉 〈
(oˆ−)n+1(oˆ+)n+1
〉
√〈
(oˆ+)n(oˆ−)n
〉 〈
(oˆ+)n+1(oˆ−)n+1
〉 〈
(oˆ−)n(oˆ+)n
〉 〈
(oˆ−)n+1(oˆ+)n+1
〉
}
,
=
2
2M + 1
M∑
n=1
√ 〈
(oˆ−)n(oˆ+)n
〉 〈
(oˆ+)n(oˆ−)n
〉〈
(oˆ−)n−1(oˆ+)n−1
〉 〈
(oˆ+)n−1(oˆ−)n−1
〉 . (44)
Following [12], let pˆ = (oˆ+oˆ− + oˆ−oˆ+)/2. Since [oˆ−, oˆ+] = L−d, one finds that (oˆ−)n(oˆ+)n =
pˆn +O(L−d) and (oˆ+)n(oˆ−)n = pˆn +O(L−d). See Lemma 4.1 of [12]. We therefore get
〈Θ|eiϕaˆ†(x,a)aˆ(x,b)|Θ〉 =
2
2M + 1
M∑
n=1
〈pˆn〉
〈pˆn−1〉 +O(L
−d). (45)
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It was proved in Lemma 4.2 of [12] that
lim
n↑∞
lim
L↑∞
〈pˆn〉
〈pˆn−1〉 = (m
∗)2. (46)
This, with (45), implies
lim
M↑∞
lim
L↑∞
〈Θ|eiϕaˆ†(x,a)aˆ(x,b)|Θ〉 = (m∗)2, (47)
which is the desired (31).
A.2 Energy expectation value
We shall prove (32). Let EGS be the ground state energy of the Hamiltonian (1) for a single
system with N particles. From (10), which shows that |ΓM 〉 has very low excitation energy, one
readily finds that
lim
L↑∞
1
Ld
{〈ΘL,Mϕ |Hˆtot0 |ΘL,Mϕ 〉 − 2EGS} = 0 (48)
for any M . This is almost the desired (32) since it is very likely that EtotGS,0 = 2EGS. But this
equality cannot be proved in general and we need some work.
Define the ground state energy density (for the single system) by
ǫ˜(ρ) := lim
L↑∞
EGS
Ld
, (49)
where L and N always satisfy ρ = N/Ld. It is standard that the limit exisits, and ǫ˜(ρ) extends
to a convex function of ρ ∈ [0, 1]. See, e.g., [31, 32].
We then note that
lim
L↑∞
EtotGS,0
Ld
= min
δ
{ǫ˜(ρ+ δ) + ǫ˜(ρ− δ)}, (50)
where EtotGS,0 is the ground state energy of Hˆ
tot
0 = Hˆa + Hˆb with total particle number 2N , and
we again fix ρ = N/Ld. But the right-hand side is equal to 2ǫ˜(ρ) because of the convexity. We
have thus proved that
lim
L↑∞
1
Ld
{
2EGS − EtotGS,0
}
= 0. (51)
Then (48) and (51) imply the desired (32).
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